Internal wave generation near turning depths
Allison Lee, Julie Crockett
Department of Mechanical Engineering
Brigham Young University

Abstract

Here, g is the gravity constant, ρo is a reference
density, and dρ/dz is the change of density with
respect to height. As the rate of change in density increases, N increases, and is referred to as
a strong stratification, while a weak stratification
indicates small changes of density with height.

Internal waves are formed in stably stratified fluids where the natural frequency (N ) of the fluid
is greater than the excitation frequency (ω). If
N < ω, only evanescent waves form. Evanescent waves, which decay at an exponential rate,
can become propagating internal waves if N increases above ω. A linear theory model is used
to investigate the effects of topography shape,
distance between the topography and the turning
depth (where N = ω), and the strength of the
stratification as measured by the average Froude
number. With the topography close to the turning depth and a low average Froude number, the
kinetic energy of the internal waves in the propagating region retains over 90% of the kinetic
energy of the original evanescent wave.
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Because of the stratification of the atmosphere and ocean, both fluids are capable of sustaining internal waves [1, 2]. Internal waves
are generated from a disturbance in the stratified
fluid. One example of this is the tides moving
over oceanic topography. The M2 semi-diurnal
tide (ωM 2 = 1.4052 × 10−4 s−1 ) is a well known
generator of internal waves [3]. As the M2 tide
oscillates over underwater topography, internal
waves are generated. Internal waves propagate
away from their generation sites and have an important impact on oceanic circulation and mixing [1, 2].
King et al. [3] calculated N in a number
of oceanic regions using data from the World
Ocean Circulation Experiment (WOCE). While
it is well known that the natural frequency of
the ocean is not constant, King et al. were
specifically investigating the presence of turning depths, or locations where the natural frequency is equal to the forced wave frequency.
They found that turning depths associated with
the M2 semidiurnal tidal frequency, ωM 2 , occur frequently in deep oceans where east-west
tides dominate. Above a turning depth, the M2
tide flowing over topography generates internal
waves since N > ωM 2 , a schematic of which
is shown in Figure 1a. Notice that the wave
motion is of constant amplitude and propagates

Introduction

A stratified fluid is one where the density of
the fluid varies based on the height of the fluid.
The ocean and atmosphere are both examples
of stratified fluids. In the ocean, the increasing salinity and the decreasing temperature leads
to increased density with depth. In the atmosphere, the decreasing temperature with increasing height causes changes in density. A stratified
fluid is defined by the natural frequency, N , that
is calculated with
N2 =

−g dρ
ρo dz

(1)
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phies were oscillated at a frequency ω, which
varied based on the stratification profile in the
tank. Both topographies are Gaussian shaped
curves of the form

both upwards and to the right. Below a turning
depth, N < ωM 2 , the fluid cannot sustain propagating internal wave motion, and only evanescent waves are formed. An evanescent wave has
no vertical structure as a propagating wave does,
and as it transmits energy vertically, the amplitude decays at an exponential rate [1], as seen
in Figure 1b. However, if an evanescent wave
reaches a turning depth, it becomes a propagating internal wave, as shown in Figure 1c where
the evanescent wave reaches the turning depth
(dashed line) and then forms a propagating internal wave. This has been shown using linear
theory [1, 4], experiments [5, 6], and numerical
simulations [6].
Experiments have been performed in the
Stratified Flow lab at Brigham Young University to investigate the kinetic energy on internal
waves generated from evanescent waves passing through a turning depth. This paper will detail the linear theory model which compliments
past experimental investigations and which predicts the kinetic energy of evanescent and internal waves. The effects of the topography (both
shape and relative distance to the turning depth)
and the stratification profile are described. The
paper is outlined as follows. Section 2 outlines
the linear theory model. Section 3 provides results and a conclusion is given in Section 4.
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h = H exp(−x2 /B 2 )

(2)

where H is the peak height of the topography
and B 2 = W 2 /18. Here, W is the width of
the topography when the height of the topography has decayed to 1% of H. The first topography is defined by H = 0.1 m and W/H =
1.8 (medium topography) and the second H =
0.11 m and W/H = 0.45 (steep topography).
Density measurements were taken every 2 cm
throughout the height of the tank and then fit to
the equation
ρ = a exp(bz) + c

(3)

where ρ and z have units of kg/m3 and meters,
and a, b, and c are coefficients calculated from
the exponential fit. The average average R2
value for all cases is R2 = 0.997 for all cases.
This density profile ensures a varying N profile
for every experiment, with N defined by Equation 1 and ranging from 0.3 to 2.0 s−1 .
Three non-dimensional numbers were used to
describe each each setup. First, H/D, a ratio
of the height of the topography to the distance
between the tip of the topography and the turning depth (D in Figure 2). This ratio gives a
relative distance for how far evanescent waves
travel before reaching the propagating region.
Values of H/D ranged from 0.311 to 2.128,
where the higher values indicate the topography
is closer to the turning depth. The other two
non-dimensional numbers are both Froude number. An average Froude number for the entire
experiment is defined as

Methodology

The linear theory model described in this work
is based off the experiments performed previously. A description of the experiments is given
first to provide background information.
In the experiments, two types of topography
were used to approximate oceanic topography
and each was traveled along a track as shown in
F r = ω/N
(4)
Figure 2. Note that the Boussinesq approximation, which we invoke in all experiments shown For the evanescent region, the average Froude
here, allows for the experiments to be ”upside- number is
down” and provide the same values as if the toF r1 = ω/N1
(5)
pographies were not flipped [2]. The topogra2

Figure 1: A propagating internal wave is shown in (a) and the vertically decaying evanescent wave is seen
in (b). In (c), the a turning depth indicates the boundary between the evanescent and propagating regions,
with the evanescent wave becoming an internal wave as it pass through the turning depth.
Table 1: A summary of experiments and experimental parameters. All lengths in cm.

Case

a

b

c

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

100
97.7
95.2
110.4
101.6
89.8
84.9
92.6
86.9
92.6
95.2
95.2
119
117
88.8
87.8
87.8
92.2
94.7
85.1
89.6
91.8
91.8
89.8

-2.36
-2.35
-2.55
-1.35
-1.51
-2.17
-2.48
-2.39
-2.81
-2.39
-2.64
-2.64
-1.87
-1.76
-3.71
-3.50
-3.50
-4.01
-4.49
-4.27
-4.38
-4.54
-4.54
-4.52

993
994
998
975
984
999
1005
997
1004
997
1003
1003
982
981
1008
1007
1007
1011
1014
1014
1014
1014
1014
1015

Water
W/H
Height
57.5
1.8
57.3
1.8
57.3
1.8
67.3
1.8
67.2
1.8
63.4
1.8
63.3
1.8
61.7
1.8
61.1
1.8
57.5
1.8
61.7
1.8
61.4
1.8
63.5
1.8
63.3
1.8
69.3
0.45
69.3
0.45
60.6
0.45
60.5
0.45
61.0
0.45
60.9
0.45
60.8
0.45
60.5
0.45
60.4
0.45
60.2
0.45
3

ω (s−1 )

ztd

L

H/D

Fr

F r1

1.04
1.00
0.95
0.95
1.04
0.85
0.85
0.86
0.81
0.93
1.21
1.08
1.13
1.00
1.04
1.24
1.17
0.96
0.81
0.86
0.86
0.77
1.00
1.00

32.7
34.9
38.1
35.9
21.9
45.3
42.4
45.5
46.5
38.4
19.8
28.1
28.8
40.3
29.7
19.3
22.6
34.1
41.2
36.9
37.8
42.7
31.1
30.6

4.13
4.23
4.07
3.99
4.23
4.21
4.37
4.22
4.04
4.24
1.46
2.24
4.14
4.32
4.34
5.05
4.88
3.90
5.94
4.38
4.61
4.35
4.36
4.57

0.67
0.81
1.09
0.47
0.28
1.23
0.92
1.62
2.15
1.10
0.31
0.43
0.41
0.77
0.38
0.28
0.41
0.71
1.25
0.85
0.91
1.62
0.60
0.59

0.94
0.91
0.87
0.98
1.08
0.85
0.85
0.82
0.78
0.87
1.12
1.01
1.01
0.91
1.02
1.23
1.09
0.87
0.73
0.81
0.79
0.70
0.91
0.92

1.15
1.14
1.13
1.11
1.18
1.10
1.14
1.10
1.11
1.12
1.30
1.24
1.17
1.10
1.41
1.50
1.37
1.29
1.24
1.28
1.27
1.22
1.37
1.37

The maximum value in our cases is 0.38 and the
effects of this will be discussed further in Section 3. The model takes into account the exponential density and natural frequency profiles. In
the following sections we will analytically calculate kinetic energy in the evanescent region
and the propagating region, and then demonstrate how the two regions can be matched at
the turning depth. Within each region the vertical velocity (w) is defined and the horizontal
velocity (u) is found from continuity (Eq 12).
With both u and w defined, the kinetic energy is
Figure 2: A schematic of the topography in the fluid defined as
domain.
KE = u2 + w2
(7)
to compare with the experiments. Each case
in Table 1 is reproduced with a linear theory
analysis using the given experimental parameters. However, no data from the processed experiments are needed to initialize the theoretical
analysis.

where 1 refers to the evanescent region (see Figure 2). Each Froude number is used to characterize the stratification profile, both in the individual regions and over the entire depth of the
experiment. Table 1 provides the details of each
case, including the coefficients for the density
profile (Eq 3), the height of the water in the
tank, the topography used, the oscillation frequency of the topography, the height of the turning depth, the excursion length of the topography, and values for H/D, F r and F r1 .
The topography was forced at an oscillation
frequency ω. The location of the Gaussian profile in space and time due to oscillation is described as


−(x − L sin ωt)2
ztop (x, t) = H exp
(6)
B2

2.1.1

Evanescent Region

The vertical velocity in the evanescent region
varies due to the variation in the N profile which
affects the vertical wavelength. Here, the vertical wavenumber will be defined as m = iq
where q is defined by
q 2 (z) = k 2 (1 − N 2 (z)/ω 2 )

(8)

Following Pedlosky’s work in a propagating region with N (z) [8], for the evanescent region we
introduce θ1 ,
Z z
where L is the excursion length of the topogθ1 (z) =
qdz
(9)
raphy, −0.15 ≤ x ≤ 0.15 for the medium toz1,0
pography, and −0.10 ≤ x ≤ 0.10 for the steep
where the subscript 1 refers to the evanescent
topography.
region and z1,0 = h(B) is the initial condition
where A1,0 and q1,0 are defined. Figure 2 indi2.1 Theory
cates the height of z1,0 for the medium Gaussian
A linear, Boussinesq, 2D model was used cal- topography. Using q and θ, the vertical velocity
culate the kinetic energy that passes from the can be defined as
evanescent region through the turning depth and w (x, z, t) = A exp[i(kx − ωt)] exp(θ ) (10)
1
1
1
into the propagating region. Linear theory is as1/2
A1 (z) = A1,0 /(q/q1,0 )
(11)
sumed valid utop /(ωW ) < 1 for all 24 cases [7].
4

2.1.3

Assuming a slip condition at the topography [9],
the wave velocity can be calculated by using the
time derivative of Eq. 6 and setting it equal to
Eq. 10 such that dhtop /dt = w1 (x = B, t = 0)
(from Eq. 2).
Using continuity the equation for conservation of mass (continuity)
∂u ∂w
+
=0
∂x
∂z
the horizontal velocity is computed as


−w1 −dq/dz
u1 (x, z, t) =
+q
ik
2q

Airy Integral Matching

As the evanescent wave moves from the topography toward the turning depth, N approaches
ω. This also causes q to decrease to zero, creating a discontinuity at the turning depth. This is
similar to a caustic, where m = 0, and for these
situations the Airy function can be used to patch
over the discontinuity and connect the vertical
(12) velocity of the evanescent wave to the propagating region. Following Lighthill [10], the vertical
wave velocity in the Airy integral is
wa = Q0 Ai(β 1/3 z − β 1/3 ztd ) exp[i(kx − ωt)]
(19)

(13)

where β is defined by β = m2 /(ztd − z). The
The kinetic energy of the evanescent region was amplitude of Q is found by matching (19) to
0
calculated using KE1 = u21 + w12 .
(10) at z1,a = ztd + 0.01(2π/q), or 1% of the average vertical wavelength (λz ) above the turning
depth in the evanescent region. A range of per2.1.2 Propagating Region
centages from 0.1% to 10% were compared to
Following the work of Pedlosky [8], velocities understand the effect of the start and end points
in the propagating region, assuming a varying of the Airy integral. It was found that the average kinetic energy reaches a minimum at 1%
natural frequency, are defined by
of λz , while either increasing or decreasing the
w2 (x, z, t) = A2 exp(i(kx − ωt + θ2 )) (14) percentage led to an overall increase in average
kinetic energy in the propagating region. This


−w2 −dm/dz
+m
(15) was seen for both topographies.
u2 (x, z, t) =
k
2im
Continuity and wa (Eqs. 12 & 19) are used to
1/2
A2 (z) = A2,0 /(m/m0 )
(16) derive the horizontal velocity in the Airy integral
Z z
θ2 (z) =
mdz
(17)
iβ 1/3 0 1/3
Ai (β z−β 1/3 ztd ) exp[i(kx−ωt)]
u
=
Q
z0
a
0


k
m2 (z) = k N (z)2 /ω 2 − 1
(18)
(20)
where Ai0 is the first derivative of the Airy funcwhere continuity has again been used to define tion with respect to z. Again, the kinetic energy
u2 . Note that the subscript 2 refers to the propa- of the wave is calculated by KEa = u2a + wa2 .
gating region. The kinetic energy in the propAbove the turning depth, the vertical veloci2
agating region is calculated by KE2 = u2 + ties are set equal such that w1 = wa at z = z1,a
w22 . In both the evanescent and propagating re- and Q0 is solved. The wave amplitude below
gions, the amplitude, A, of the velocities varies the turning depth, A2,0 was calculated by setting
with height. This is due to the varying natu- wa = w2 at za,2 = ztd − 0.01(2π/m), similar
ral frequency, which causes the varying vertical to the process used to define the amplitude at
wavenumber, and is necessary to conserve en- the beginning of the Airy integral match . It is
ergy [8].
assumed that Q0 is constant through the Airy in5

tegral region as the variation in the natural fre- only near the turning depth. There is a 4.9%
quency is small over the small change in height. difference between to the two lines for 90% of
the propagating region. The average variation
in the mean kinetic energy of the propagating
2.1.4 Completed Model
region for all 24 cases is 6.7%. The cases that
We now explore the importance of the terms have a larger difference had small propagating
−dq/dz
and −dm/dz
in Equations 13 and 15, re- regions, meaning the majority of the propagat2q
2im
spectively. These higher order terms, which ing region is near the turning depth where the
are not usually found in the horizontal veloc- greatest difference between the two scenarios is
ity, appear because the amplitude of the veloc- seen. Due to the small changes in the propaity is a function of depth. When assuming that gating region, we will neglect the higher order
the amplitude, natural frequency, and vertical terms in this work. It may be necessary to retain
wavenumbers slowly vary, the variation of the them in future work which investigates more
vertical wavenumbers (dq/dz or dm/dz) is rela- rapid changes in natural frequency or if the kitively small and can be neglected. This assump- netic energy immediately after the turning depth
tion breaks down near the turning depth, due to is of interest.
the rapid variation of q and m in that region, indicating they should remain in the equations for
velocity. However, the use of the Airy integral to
connect the evanescent and propagating regions
does not include the use of these terms. Figure
3 depicts the two different scenarios for Case 4
with height on the ordinate and kinetic energy
on the abscissa. The dashed line indicates the
location of the turning depth with the evanescent
region above the turning depth and the propagating region below it. Below the dash-dot line is
90% of the propagating region. Kinetic energy
with the higher order terms included is indicated
by the solid line, while the dotted line represents
kinetic energy when these terms are neglected.
For both scenarios, kinetic energy begins at a
maximum at the top of the figure and then decreases as the wave moves through the evanescent region. An increase in energy is seen near
the turning depth, with a larger increase when
Figure 3: The kinetic energy as a function of height
the higher order terms are included. Below the
is shown for the scenarios of including or excluding
turning depth, both scenarios decrease in kinetic the higher order terms (HOT), dq/dz and dm/dz,
energy through the propagating region. Further when calculating the horizontal velocity. The turndetails on the behavior of the evanescent and in- ing depth is shown by the dashed horizontal line and
ternal waves will be given in the next section. the dash-dot line indicates the height of 90% of the
For the purposes of this model, we will focus propagating region.
on comparing the importance of the higher order
terms. Away from the turning depth, both lines
are very similar, with major differences seen
6

3

Results

model and the experimental values match fairly
well with similar trends.
For the medium topography in Figures 4a and
4b, theoretical predictions of KE ∗ in both regions match well with experiments. In the propagating region, the model overestimates the experimental values likely due to the linearization
process and the lack of viscosity. The model assumes ideal conditions and does not take into
account any losses. Discrepancies between the
model and the experiment could also come from
experimental error. Oscillations in the experimental values most likely arise from a lack of
horizontal resolution. The medium topography
has a relatively large wavelength and the experimental data was averaged over only three or four
wavelengths. Even with this, the model and experimental values are relatively uniform through
the propagating region.
In the steep topography cases shown in Figures 4c and 4d, the experiment and model follow
the same trends and again there are small oscillations in the experimental data. However, the
oscillations are less pronounced than those in
the medium topography cases due to the smaller
wavelength associated with the steep topography such that the kinetic energy was averaged
over seven to eight wavelengths. Another significant difference with the steep topography
is that the model underestimates KE ∗ in the
evanescent region and some of the propagating
region. We explain this by noting the movement of the steep topography creates turbulence
near the topography and turbulence generated
internal waves are seen within the experiments.
These turbulence generated waves have a variety of wavelengths, but also show signs of resonant triad behavior. Near the turning depth,
an exchange of energy was seen between the
turbulence generated waves and the topographically generated waves. For example, in Cases
15 and 16 the turbulence generated waves had a
frequency of approximately half of the forcing
frequency, and as the topographically generated
evanescent wave passed into the propagating re-

First, to provide a reference between past experiments and the current model, the normalized
kinetic energy, KE ∗ , over the height of the experiment is analyzed. Figure 4 shows both the
experimentally calculated and theoretically predicted KE ∗ over height for four cases. The ordinate is height in meters where z = 0 is at
the bottom of the tank. The abscissa is KE ∗ ,
or KE/KEnorm where KEnorm is the average
of the kinetic energy of the three pixel locations
below the topography height, z = ztotal − H.
Because the presence of the topography generated spurious values near the topography in the
experimental data, only data below the topography was analyzed. To maintain consistency
between the model and the experimental analysis, the kinetic energy at the same three height
locations were averaged to calculate KEnorm
in the theoretical model as well. However, the
model was averaged over only one period and
one horizontal wavelength because of the periodic nature of the model. Figures 4a and 4b
compare the model and experimental KE ∗ values for Cases 1 and 11 respectively, where the
medium topography was explored. Figures 4c
and 4d are Cases 19 and 20, steep topography
test cases. In all graphs, the solid line represents
experimental data while the dotted line represents model results. The horizontal dashed line
shows the location of the turning depth. Note
the scales on each plot vary. Starting in the upper right hand corner of each plot (near the topography), normalized kinetic energy is a maximum and as height decreases, and N increases,
the normalized kinetic energy decreases exponentially as the evanescent wave travels downward and decays. At the turning depth there is
a sharp increase in energy due to the decrease
in q as N approaches ω and the Airy integral
is used to prevent a discontinuity through the
turning depth. Below this, a propagating internal wave exists with relatively constant normalized kinetic energy. Notice that in all cases, the
7

Figure 4: Normalized kinetic energy is shown as a function of height for two cases. The solid lines are
experimentally calculated KE ∗ while the dotted represent model results. Data from (a) and (b) came from
Cases 1 and 11 which used the medium topography, while (c) and (d) are Cases 19 and 20 and used the steep
topography. The turning depth is marked with a dashed line.

gion, the turbulence waves lost energy while
the newly formed internal waves increased in
energy. Because the linear theory model does
not take into account the generation or interaction of turbulence generated waves, there are
steep topography cases where the model underestimates KE ∗ . Further investigation into the
combined effect of turning depths and resonant
triads could provide new information into the
influence of turbulence generated waves in the
ocean. The limited horizontal resolution of the
experiments discussed here prevents further insight into this phenomenon.
With the experimental and model relation established, we now exercise the model further
to explore a more direct relationship between

the different dimensionless variables. Figure 5
shows KE ∗ as a function of both H/D, shown
as different lines, and F r (abscissa). Here four
different values of H/D are chosen for each topography while F r is varied by changing the
height of the evanescent region while other variables (ω, k, and N profiles) are held constant.
As seen in the previous figures, increasing H/D
and decreasing F r leads to an increase in relative kinetic energy. The model also shows that
by increasing H/D the steep topography could
transmit greater kinetic energy to the propagating region than the medium topography for the
same F r.
Continuing to exercise the model, Figure 6
shows three different scenarios. In Figure 6a,
8

Steep
Topography

Medium
Topography

Figure 5: KE ∗ as a function of H/D and F r. The solid red line indicates the medium topography, while
the dashed black line is the steep topography. Markers for H/D as shown.

KE ∗ increases with increasing W/H, which
represents the relative slope of a topography. As
mentioned previously, in the presence of a turning depth, topography with steep slopes generate internal waves with less kinetic energy in
the propagating region. Also W , the width
of the topography, indicates an increase in the
wavelength of the topography. A topography
with a larger wavelength will generate evanescent waves with higher kinetic energy which
will then pass into the propagating region.

in the kinetic energy in the propagating region.
However, as shown in Figure 6b, increasing bH
causes an overall increase in the kinetic energy
in the propagating region. Here, b is normalized
by H, the height of the topography. Increasing
bH causes an initially weaker stratification but
a larger b, meaning a value that is less negative,
causes the stratification to increase at a slower
rate. Thus the evanescent wave does not decay as rapidly and more kinetic energy passes
through the evanescent region into the turning
depth. Notice that for an increase value of b, the
In Figure 6b and 6c, the influence of the ex- average kinetic energy of the internal waves in
ponential stratification is explored. With a den- the propagating is over 90% of the original ensity profile of rho = a exp(bz) + c, the strat- ergy of the evanescent wave.
ification is defined as N 2 = −gab exp(bz)/ρ0 .
Increasing a and b both cause increase in N .
In Figure 6a, a is normalized by the reference 4 Conclusion
density ρ0 . Increasing a/ρo causes a decrease
in the normalized, average kinetic energy in the We have presented an analytical model which
propagating region. Although a weaker stratifi- estimates the relative kinetic energy of evanescation leads to initially more energetic evanes- cent and internal waves generated by oscillacent waves, the stratification also increase more tions of a topography. The model matches well
rapidly throughout the evanescent region with a with the medium topography but does not match
larger value of a, causing an overall decrease as well with the steep topography because the
9

Figure 6: KE ∗ is shown as a function of W/H, a/ρo , and bH, showing the effects of topographic shape
(a) and an exponential density profile in (b) and (c).Note that different scales of KE ∗ for each figure.

steep topography is near the limit of linear theory. The model indicates that increasing F r decreases the kinetic energy of internal waves in
the propagating region, while increasing H/D,
or bringing the topography closer to the turning depth, causes and overall increase of KE ∗ .
Both Figure 5 and 6a indicate that a topography
with a larger ratio of W/H, meaning a shallower
sloped topography, will generate more energetic
internal waves once the evanescent waves pass
through the turning depth. With large values for
W/H, bH, and H/D, along with low F r and
a/ρ0 , the internal waves generated in the propagating region maintain over 90% of the original
energy of the evanescent waves generated by the
oscillating topography.
With a completed model which provides accurate information for topographies within the
limits of linear theory, the model can now be
used to estimate the kinetic energy of internal waves generated by tidal oscillations over

oceanic topography within an evanescent region. Future work includes estimating kinetic
energy based on density measurements taken by
the World Ocean Circulation Experiment and
oceanic bathymetry data to investigate the impact of evanescent waves on the ocean energy
budget.
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